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[
Banach $X$ $X$ $S$
$T\in B(x)$ ($=x$ ) $X$ BKW-
:
$T_{\lambda}\in B(X),$ $1\mathrm{i}\Psi||T_{\lambda}||=||T||,$ $\mathrm{l}\mathrm{i}\lambda \mathrm{n}||T_{\lambda}(s)-T(S)||=0(\forall s\in S)$
$\Rightarrow \mathrm{l}\mathrm{i}\lambda \mathrm{n}||T_{\lambda}(X)-T(X)||=0(\forall x\in X)$ .




– $X$, $S$ $BK’W(X;s)$
$X$ Hausdorff $\Omega$
Banach $C(\Omega)$ $S$
KW(X; $S$) 1 BKW-
Lemma (cf. [6]). Let $\Omega$ be a compact Hausdorff space, $C(\Omega)$ the Banach algebra of all
continuous real functions on $\Omega$ , $M(\Omega)$ the space of all bounded real Borel measures on $\Omega$
and $S$ a subset of $\Omega$ . Then $T$ is a norm one BKW-operators on $C(\Omega)$ for a test functions
$S$ if and only if $T^{*}(\delta_{\omega})\in U_{S}\langle M_{1}(\Omega))$ for every $\omega\in\Omega$ . Here $T^{*}$ is the adjoint of $T,$ $\delta_{\omega}$ is
the unit point mass at $\omega\in\Omega$ and $U_{S}(M_{1}(\Omega))$ the set of all measures $\mu\in M_{1}(\Omega)$ such
that if $v\in M_{1(\Omega)}$ and $\int_{\Omega}fd\mu=\int_{\Omega}fdv$ for every $f\in S$ , then $\mu=v$ , where
$M_{1}(\Omega)=\{\mu\in M(\Omega) : ||\mu||\leq 1\}$ .
$U_{S}(M_{1}(\Omega))$ $S$ unlqueness set
BKW-
$\Omega=\lceil 0,1\rceil,$ $s=\{1,$ $x,$ $\chi^{2}\dagger$ $C(\Omega)$ $\mathrm{S}$ 12 BKW-
Theorem $(\mathrm{C}\mathrm{f}.[14,15])$ . Every norm one unital BKW-operators $T$ on $C(\lceil 0,1\rceil)$ for the
test functions $\{1, *x^{2}\}$ is of form
$(Tf)( \omega)=)\int ff((0)\varphi\{1-(\omega)),\varphi(\omega)\}+f(1)\varphi(\omega),$ $.if\omega\in i;\omega\in c\Omega\backslash G$
.
for every $f\in X$, where $\varphi$ is a continuous map from $[0,1]$ into itself and $G$ is an open
subset of $[0,1]$ such that $0<\varphi(\omega)<1(\forall\omega\in G)$ and $\varphi(\omega)=0$ or 1 $(\forall\omega\in\partial G)$.
Here $\partial G$ denotes the topological boundary of $G$ in $[0,1]$ .
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– $S=\{1, x, \ldots,x^{n}\}$ (cf. [6])




1 Uniqueness set for $S_{n}=\{1, t, \ldots, t^{n}\}$ .
Theorem 11.
$Us_{n}(M1([0,1]))=\{a\mu 4f)^{-}(1-a)\mu B(f):0\leq a\leq 1,$ $f\in_{\mathrm{S}\mathrm{p}\mathrm{n}}\mathrm{a}(S_{n})-\{\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{s}\}$ ,
$||f||_{\infty}=1,$
$\mu_{4f\rangle}\mu_{B(f)}$ are probability measures on $A(f),$ $B(f)$, resp}
where $A(f)=\{t\in[0,1]:f(t)=1\}$, a $f$ ) $=\{t\in\iota 0,1] : f(t)=-1\}$ .
For the case of $n=2$, we can completely describe all measures in $U_{S_{n}}(M_{1}([0,1]))$ as
follows:
Theorem 1. 2. $\mu\in U_{S_{2}}(M_{1}([0,1]))$ if and only if $\mu$ has one of the following forms:
i) $\mu=\pm\delta_{X},$ $0\leq x\leq 1$ ,
ii) $\mu=a\delta_{0}+b\delta_{1},$ $|a|+|b|=1$ ,
iii) $\mu=a\delta_{X}+b\delta_{1},$ $|a+b|\leq|a|+|b|=1$ and $0<x<1/2$,
iv) $\mu=a\delta_{0}+b\delta_{X},$ $|a+b|\leq|a|+|b|=1$ and $1/2<x<1$ ,
v) $\mu=a\delta_{0}+b\delta_{1}+c\delta_{1/2},$ $|a+b+c|\leq|a+b|+|c|=|a|+|b|+|c|=1$ .
For the general case, we can completely describe all positive measures in $U_{S_{n}}(M_{1}([0,1]))$
as follows:
Theorem 13. i) Let $n=\mathfrak{B}k\geq 1$ . Then $0\leq\mu\in U_{sn}(M_{1}([0,1]))$ if and only if $\mu$
has one of the following forms:
a) $\mu=\sum^{k}a_{i}\delta i=1x_{i}’ i1\sum_{=}^{k}a_{i}=1,$ $a_{i}\geq 0$ and $x_{i}\in[0,1]$ for every $i$,
b) $\mu=a_{0^{\delta_{0}}}+\sum_{i=}^{-}ak11ix\delta i+a_{k}\delta_{1},$ $i \sum_{=0}^{k}ai=1,$ $a_{i}\geq 0$ and $x_{i}\in[0,1]$ for every $i$ .
ii) Let $n=2k+1,$ $k\geq 0$ . Then $0\leq\mu\in u_{s_{n}}(M_{1}([0,1]))$ if and only if $\mu$ has one of
the following forms:
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c) $\mu=a0\delta_{0}+\sum_{l=1}^{k}ai\delta x_{i}’ i0^{a_{i^{=}}}\sum_{=}^{k}1,$ $a_{i}\geq 0$ and $x_{i}\in[0,1]$ for every $i$ .
d) $\mu=a_{0}\delta_{1}+\sum_{l=1}^{k}ai\delta_{X_{i}},\sum_{i=0}^{k}ai^{=}1,$ $a_{i}\geq 0$ and $x_{i}\in[0,1]$ for every $i$ .
2. BKW-operators for $S_{n}$
Theorem 21. $T\in BKW(C([0,1]);S_{2})$ with $||T||=1$ if and only if
$(Tf)(f)=a(t)f(0)+b(t)\kappa 1)+C(t)t(_{X(t)})$
for every $f\in C(\lceil 0,1\rceil)$ and $\mathrm{r}\in[0,1]$ , where $a,$ $b,$ $c$ and $x$ are real functions satisfying
the following conditions:
i) $|a|+|b|+|C|=1$ on $[0,1\rceil$ .
ii) $0\leq\chi\leq 1$ on $[0,1]$ , and if $x\langle t_{0}$) $=0$ or 1for some $t_{0}\in[0,1]$ then $c(t_{0})=0$ .
iii) If $0<|c(t_{0})|<1$ , then $|(a+b+c)(t\mathrm{o})|<|(a+b)(t\mathrm{o})|+|c(t_{0})|=1$ .
iv) If $0<|c(f_{0})|<1$ and $0<x(t_{0})<1/2$ , then $a(t_{0})=0$ .
v) If $0<|c(t0)|<1$ and $1/2<x(t_{0})<1$ , then $b(t_{0})=0$ .
vi) $a(t)\delta_{0}+b(t)\delta 1+c(t)\delta_{()}xt’ t\in[0,1]$ , moves continuously in $M_{1}([0,1])$ with the
waek*-topology.
We note that $a,$ $b,$ $c$ and $x$ may not be continuous. However these functions have the
following properties:
a) If $c(t_{0})\neq 0$, then $a,$ $b,$ $c$ and $x$ are continuous on some neighbourhood of $t_{0}$ .
b) $x(t)$ may not be continuous at the point $t_{0}\in[0,1]$ with $c(t_{0})=0$ .
c) If $t_{n}arrow t_{0}$ and $x(t_{n})arrow 0$ , then $a(t_{n})+c(t_{n})arrow a(f\mathrm{o})$ .
d) If $0<x(t_{0})<1$ and $x$ is continuous at $t_{0}$ , then $a,$ $b,$ $c$ are continuous at $t_{0}$ .
Theorem 2.2. Let $T$ be a norm one positive operator on $C([0,1])$ and $n=2k$ or
$2k+1$ . Then $T\in BKW(C([0,1]);S_{n})$ if and only if
$(Tf)(t)=i=0 \sum a_{i}(t)kf(x_{l}\langle t))$ , $f\in C([0,1])$ and $t\in[0,1]$ ,
where
i) $\sum_{i=0}^{k}a_{i}(t)=1$ and $a_{i}(t)\geq 0$ for every $i$ and $t\in[0,1]$ ,
ii) $x\{t$) $\in[0,1]$ for every $i$ and $t\in[0,1]$ ($x_{i}$ may be not continuous),
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iii) When $n=2k$, if there exists a point $t_{0}\in[0,1]$ such that $x_{i}(t_{0})=x_{j}(t_{0})$ for every
$i\neq j$ and $a_{i}(t_{0})\neq 0$ for every $i$ , then $0,1\in\{x_{i}(t_{0}):0\leq i\leq k\}$ ,
iv) When $n=2k+1$ for every $i$ , then $0$ or 1 is contained in $\{\eta(t_{0}) : 0\leq i\leq k\}$ ,
v) $i0^{a} \sum_{=}^{k}i(t)\delta_{x_{i}(t)}$ is continuous with respect to the weak*-topology.
We discuss on a non-positive operator of a special form. For $\varphi_{i}\in C([0,1])$ and
$a_{i}\in R,$ $i=1,2,$ $\ldots,$ $n$ with $\varphi_{i}([0,1])\subset[0,1]$ , let $T=i–\mathrm{a}a{}_{\iota}Cn\varphi i$’where
$C_{\varphi_{i}}(f)=f\mathrm{o}\varphi_{i}$ for $f\in C([\mathrm{O}, 11)$ . Then $||T|| \leq\sum_{=}^{n}i1|a_{i}|$ . Suppose that
$||T||= \sum_{\iota=1}|a_{i}|=1$ . Then if $a_{i}\geq 0$ for every $i$ , then $T\in BKW(C([\mathrm{o}, 1]);S_{k})$ by
Theorem 22. But
$\frac{C_{t}-C_{1-}t}{2}\not\in BKW(C([0,1]);s_{k})$ .
for every $k\geq 2$ .
Theorem 2.3. Let $T=\S i--a{}_{\iota}C_{\varphi_{i}}$ with $||T||= \sum_{\iota=1}|a_{i}|=1$ . Then there exists a positive
integer $N$, depends on $T$, such that $T\in BKW(c([\mathrm{o}, 1]);SN)$ for some $N$ if and only if
the condition:
$1=||_{i}^{\text{ }}--\mathrm{E}^{a_{i}}\delta)\varphi i(t||$
for every $t\in[0,1]$ .
3. BKW-operators on the sequence space
Let $K=\{0,1,1/2,1/3, \ldots..\}\subset[0,1]$. Then $K$ is acompact subset of $[0,1]$ and $C(K)$ is
isomorphic to the space of real convergent sequences. We completely determine all
operators in $BKW(C(K);\{1, t, t^{2}\})$. According to Theorem 2.1, the reader may suspect that
such an operator $T$ has form
$(Tf)(t)=a(t)f(\mathrm{O})+b(t)f(1)+c(t)f(x(t)),$ $t\in \mathrm{K}$ .
But there are some other possibilities.
Theorem 3.1. $\tau\in_{B}KW(c(K);\{1, t, f\})2$ with $||T||=1$ if and only if
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$(Tf)(t)=a(t)f(0)+b(t)f(1)+c(t)f(x(t))+d(t)f(y(t))$ , $t\in \mathrm{K}$
for every $f\in C(K)$ , where $a,$ $b,$ $c,$ $d,$ $x$ and $y$ are real functions on $K$ satisfying the
following conditions:
i) $|a|+|b|+|c|+|d|=1$ on $K$.
ii) $x(K)\subset K,$ $y(K)\subset K,$ $x\leq y$ on $K$, and if $x(t_{0})=0$ or 1, $t_{0}\in K$, then $c(t_{0})=0$ .
iii) There exist subsets $K_{1}$ and $K_{2}$ with $K_{1}\cup K_{2}=K$ and $\kappa_{1}\cap K_{2}=\emptyset$ such that $d$
$=0$ on $K_{1}$ and $0<x<1$ on $K_{2}$ .
iv) If $0<|c(t_{0})|<1$ and $t_{0}\in K_{1}$ , then $|(a+b+c)(t_{0})|<|(a+b)(t_{0})|+|c(t\mathrm{o})|=1$ .
v) If $0<|c(t\mathrm{o})|<1,$ $t_{0}\in K_{1}$ and $0<x(t_{0})<1/2$, then $a(t_{0})=0$ .
vi) $\frac{1}{x(t)}-\frac{1}{y(t)}=1$ for every $t\in K_{2}$.
vii) $a=b=0$ and $|c+d|=|c|+|d|=_{\mathrm{A}}^{\mathrm{a}}$’on $K_{2}$ .
viii) $a(t)\delta_{0}+b(t)\delta_{1}+c(t)\delta_{x\langle c)}+c(t)\delta_{y\langle}t),$ $t\in K$ , are comtinuous with respect to the $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{k}^{*}-$
topology.
For afixed positive interger $m$ and any function $f\mathrm{n}C(K)$ , set
$(T_{m}f\mathrm{x}1/n)=$
$(U_{m}f)(1/n)=$
In [12], we proved that $\tau_{1},$ $r_{2},$ $U_{m},$ $m\geq 2$ are contained in $BKW(C(K);\{1, t, t^{2}\})$, but
$\mathrm{d}\mathrm{i}\mathrm{d}\mathrm{n}^{|}\mathrm{t}$ decide whether $T_{m},$ $m\geq 3$ , and $U_{1}$ are BKW-operators or not. Note that $U_{1}$ ia the
unilateral shift operator on $C(K)$ . As an application of Theorem 3.1, we have that
$T_{m},$ $m\geq 3$ , and $U_{1}$ are not BKW-operators for $\{1, t, t^{2}\}$ . Also the bacward shift operator
deffned by
$(Bf)(1/n)=f(1/(n+1))$ for $f\in C(K)$
and the operator defined by
$(Tf)(1/n)= \frac{f(1/n)+f(1/(n+1))}{2}$ for $f\in C(K)$
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are BKW-operator for $\{1, t, t^{2}\}$ .
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